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XV. J new Theory of tbe Rotatory Motion of Bodies affedfed* 
by Forces diftmbingfuch Motion. By Mr. John Lanr 
den, F.R.S., 



Read Feb. 20jT ^M induced to confider this paper as 
1777. I 

A not unworthy the notice of this Society, 

through a perfuafion that the theory herein contained 

will conduce to the improvement of fcience,.by enabling 

the reader to form a true idea, and accordingly to make 

a computation of the motion (or change) of the axis about 

which a body haviag a rotatory motion wife turn, or have 

a tendency to turn, upon being affected by a force dif- 

.turbing its rofratioa; particularly of ^f motion of the 

earth's axis arifing' from the attrition t>f the Sun and 

Moon on the protuberant. matter of the earth above its 

greateft inlcribed fpherer -which compound motion, I 

conceive, has not been rightly explained by any one of 

the eminent mathematicians whofe writings on the fame 

fubject. have come to my hands. Whether in this effay 

I have really fucceeded better than other writers who 

have attempted an explanation of fuch motion, 1 fubmit 

to gentlemen well verfed in mechanics to determine. 

1. Fig. 
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1. Fig. x . Let the fphere adbe, whofe radius is r, r re* 
volve uniformly about the diameter acb as an, axis, with 
the angular velocity r, meafured at 1? or e, the motion 
being according to the order of the letters D&min the 
Ce&ion at right angles to acb, fig. %.\ and, whilft it is fo 
revolving, let the pole a be impelled by fome inftan- 
taneous percuffive force to turn about the diameter dce, 
from a towards h, with the velocity -w. It is propofed to 
find the new axis about which the fphere will revolve 
after receiving fuch impulfe. 

Calling «/, parallel to DC, x; cl will be ^=.sjr t -x z i the 
velocity of the point » {about acb) befare the impulfe 

on a will be -p: ~; and the velocity (about dce) given 
to the fame point (a) by the faid impulfe will be = 
w y r *~~'f . . Which velocities of the point # -being in con- 
trary directions, if tt be fo fituated that they be equal, 
then, one deftroying the other, that point will ftop and 
become one of the new poles fought, about which the far- 
mer poles a and b will revolve with the velocity w\ and the 
points d and e will revolve with the fame velocity (c) as 
before the perturbating impulfe on the point a; butin- 
ftead of defcribing the great circle dgeh, their motion 
will be about the new axis ab\ about which they (as well 
as the points a and b) wul defcribe leffer circles parallel 

M m a to 
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to the great circle de % in which the points d and e{de 

being at right angles to ab) will revolve about the fame 

axis (ab) with the velocity V£*+w*. Which being de- 
noted by e, and m and n being put fox the fine and cofine 
of the angle ac« to the radius i,jae-yriXL be= w r ne- c, 
and: confequently nine's cw.„ 

Now taking— = u */" rt —* % i in order to find that new 



r r 



axis a by we have from that equation x=-~=^~ r l£=:a?. 

Moreover it is obvious, that if a Oneroid, a cylinder, 
or any other body, whofe center of gravity is c and pro- 
per axis acb, were, whilfr revolving about that axis'with 
the fame angular, velocity (c) ; to receive fuch an impulfe 
as inftantly to give the point a the angular velocity w 
about dce ; .the axis about which that fpheroid, cylinder, 
or other body, Immediately after Ahe impulfe, would re- 
volve, or would have a. tendency to revolve, would be 
the fame, line ab. 

The great circle ii (fig. i .) and any other great circlfe 
fo fituated with refpect to the axis of any revolving 
iphere, I (hairdenominate the ntH-bifcle. 

2 . In the manner above defcribed the pole's of the fphere. 
are by the inftantaneous impulfe on the point a inftantly 
changed from a and 3 to a and b. But if; inftead of fiich 
impulfe, a- continued attractive force f (like that of gra- 
vity) 
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vity) acted at a fig. 3. and at the new poles a> a, Sec. as 
they become fuch by a fucceffive change caufed by fuch 
continued action of the force F urging the fphere at 

every inftant to revolve about the diameter de, or de y 

8cc. of the contemporary mid-circle, the new pole (a, a, 
8cc.) would not inftantly be at a finite diftance from the 
primitive pole a, but fome finite time would be requifite, 
that by fuch fucceffive change, the pole might be varied 
to a finite diftance from a: and the force F continuing 
invariable, the velocity (v) wherewith the pole changed 

its place would be exprefied by —, t being the time elap- 
fed whilft the pple . is varying from a to a, and z the 
length of the arc a a. Therefore the velocity wherewith 
the pole will change its place during fuch action of the 
force f will be exprefied in the fame manner as the ve- 
locity (v) of a body moving uniformly from a to a in 
the time t may be exprefied \ that is, in both cafes v will 

be = - . . But there is. a material difference between the 
motion of a body fo moving from a to « .and the change 

of place of the pole a, a, &c. the former is permanent, 
and will continue to carry the body forward without the 
action of any force whatever; whereas the latter will 
inftantly ceafe, and the axis will keep its pofition, if the 

force 
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force f ceafes to adi thereon; like as tike varying direc- 
tion of a projectile near the earth's furface would imme- 
diately ceafe to change, if the force of gravity ceafed to 
ad. 

It is obfervable,, that whiift the force f adts, and the 
revolving fphere, in confequence of fuch adtion, every 
moment takes a new axis, the angiilar motion about the 
axis will continue invariable ; the adtion of fuch force 
only altering the axis without altering the angular velo- 
city of the fphere about it : like as the direction of a 
moving body is altered, without altering the velocity 
thereof, by an attractive force continually acting on it in 
a direction at right angles to that in which the body is 
moving. And if ever the force f fliall ceafe to adt, the 
fphere will inftantly revolve with its primitive velocity 
(c) about the axis it then may have been brought to take 
by the preadtion of that force. 

The new axis, about which the fphere has fuch ten- 
dency to revolve at any inftant during the adtion of the 
force f, I fhall call the momentary axis; and the poles 
thereof the momentary poles. 

3. From the equation —-^Ll^f. (art. 1.) we have 
Now if a continued attractive force (f) adt 
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during the time t as above-mentioned, inftead of the 
4 inftan* 
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inftantaneous percuflive force at a, we, according to the 
do&rine of fluxions, muft, inftead of «?, take w, or its 

equal F i, and x inftead of x, in the expreflion j ; there* 



fore, in this cafe, we have j = j =-— = . Whence, put- 

ting z for the arc (a at, or a#, &c.) whofe fine is fx, and 
writing % for its equal f -~i > we get —r ■= c, or s = — , 
Hence v denoting the velocity wherewith the mo- 

I H 

mentary pole (a, a, Uc.) changes its place during the 

action of the acceierative force f« we have z = vi .-=~» 

and confequently v .- — 

4, The value of v may alfo be determined in the fol- 
lowing manner (fig. 4.).. Conceive a very thin ftring 
(without weight) to have one of its ends fattened to a 
fixed point/ and the other to a heavy particle of matter 
W, alfo conceive fuch particle fo tp revolve with the ve- 
locity e, about the line /«, that a certain acceierative 
force F (like that of gravity referred to a certain direc- 
tion) continually acting on the faid particle m, in a di- 
rection at right angles both to the ftring Im and to the 
tangent to the curve in which m is moving, the ftring 
ftjall de&ribe a conical furface. Then. Im being denoted 

by 
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by r, and mo, perpendicular to In, by q\ - j the centri- 
fugal force urging #2 in the direction vm, will be to F as 
rto^r 1 -q z = lo. Therefore t muft be = £&z£. Now 
if, whiift #z is fo revolving, the force f ce'afes a&ing, the 
faid particle (m) will, 'it is obvious, immediately proceed 
to defcribe a great circle of the fphere whofe radius is r 
and center /, of which great circle one of .the poles will 
be fituated in aleffer circle parallel to, and 90 diftant 
from, that defcribed by m during fuch action of the faid 
force,; which pole, during fuch action, will change its 
place in the faid lefler circle in which it will at any time 
be found with a velocity (v) which will be to e as (s) the 
radius of the laft mentioned circle to <?. But s will be - 

•S/^-r-q*; therefore we have v : e i: Vr*~q* : q, and *-— £ 
-= - . Confequently f = t^ZEt will be = - x 1 =" and 

e i. .j rq r t r ' 

rr 

■*>--' 

Let now m be a point on the furface of a fphere whofe 
center is /, and radius Im-r; and let the fphere revolve 
about an axis fo that tit mall defcribe a great circle with 
the velocity e. If then fuch a motive force begins to act 
on the fphere, that, continuing its action, the point m 
ihall always be urged by the invariable accelerative force 
f to move in a direction at right angles to the ray Im and 
7 to 
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to the tangent to the curve which m will defcribe; that 
point it is obvious will, in cortfequence of the action of 
that force, defcribe a leffer circle of the fame radius (y) 
as that defcribed by the particle m when f aliened to a 
ftring and ac\ed on by the force f as above~mentioned; 
and the center of the fphere being always confidered as 
at reft, one of the momentary poles of the fphere will 
defcribe a circle whofe radius will be- Vf s - q* paralM, 
to, and 90 diftant from, that defcribed by the point m. 
For if the faid force were to ceafe afting, that point of 
the fphere would <tefcribe a great circle, as would the 
particle m at the ftring in the like cafej and therefore 
both the faid particle and the point m of the fphere at 
every inftant having the fame tendency, and being a&ed 
on by equal accelerative forces, the eftecl will be the fame 
with refpe& tothemotionof each. Confequently,® being 
put to denote the velocity wherewith the momentary 
pole changes its place in the circle which it will defcribe 
whilft the motive force producing the accelerative force 
f a&s on m as juft now mentioned, v will be = -~r., the 
fame as in the preceding article, e here denoting that 
velocity which we there denoted by c. 

5. Referring the point of action of the perturbating 
force-to the mid-circle we have not hitherto confidered 

Vol. LXVII. N n that 
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that point as varied with a greater or lefs velocity than 
(e) that of the point m\ that is, with reference to fuch. 
circle we have always confidered the point m as the point 
of action. But it is obvious, that, ceteris paribus, the 
point of action with refpect to the mid-circle (which 
point we will now denote by q) may be varied with a 
velocity greater or lefs than e; and that, cater is paribus^ 
the velocity (v) of the momentary pole will be the fame 
with what velocity foever (q) the point of a<5tion of the 
force P be varied; the direction in which that force acts 
being always at right angles to the ray (Jq) from the 
center of the fphere, and to the tangent to the curve de- 
fcribed by (q) fuch point of action. 

Yet, although v continues the fame whether, cateris 
paribus ; (u) the velocity of the point q be greater, equal 
to, or lefs than e, the immoveable circle in which the 
momentary pole will be found will not continue the 
fame; that circle being greater, equal to, or lefs than the 
circle whofe radius is vV-# a according as »is lefs, equal 
to, or greater than e % as will be made more evident by 
what follows. 

* I 4 

6. Fig. s. Let/> (in the great circle wpc^qr) be one 
of the poles of the axis about which the fphere rstv, 
whofe radius is r> is revolving (according to the order of 

the letters v<7s) with the angular velocity e % meafured at 
4 the 
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the diftance r from the axis; and whilft it-is fo revolving- 
let the faid pole be urged to turn about a diameter of the 

mid-circle vqs towards q, by an accelerative force f, and 
let fuch force continue to act on the fuccefiive new poles 

.11 III 

p, p, Sec. as they become fuch, always urging the fphere 
to turn about a diameter of the contemporary mid-circle, 
whilft the direction in which fuch perturbating force 
acts is regulated in the following manner. 

Conceive the faid revolving fphere to be furrounded 
by an immoveable concave fphere of the fame ra- 

diusn Then the momentary pole (p, p, p, Sec.) will 

always be found in fome curve ppp Sec, in the faid 

/ a in 
concave fphere, and in fome curve ppp 8cc on the 

revolving fphere; which laft mentioned curve will conti- 

> a in 
nually touch and roll along the other curve ppp 8cc. on 

the immoveable fphere, the force f and the direction in 

which it acts varying in any manner whatever. Let f 

be invariable; then, it is obvious, the two curves fo 

touching each other will be circles ; and if great circles 

It II II III Mi 

vq,vq t vq t &c. be defcribed on the furface of the im- 
moveable fphere whofe planes fhali be at right angles to 

1 a in 1 a in 

the plane of the circle ppp &c. the points q, q, q, &c. 

N n 2 therein, 
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i n in 
Jherein, each 90 diftant from P, p, p, &c. refpe&ively, 

will be in a circle (qqq Sec.) parallel to the faid circle 

f.min 

j&p ? 8ec. Now* as a regulation-^ to- the direction in 
•which the force f ihai! rage the momentary pole, let 
that dissection he always' a* tangent to the greafc circle fo 
paffing, through that pole and the correfpondent point 

If Itt t II ■ I lit- • 

frfoorq, &c. Whiift the arcs qqj qq % &ia are to the arcs 

up* p p, -fee. refpetSHvery ia the co-nft&m ratio q&u to v. 

The direction ia which thefosce f a<fts heingrfo regu- 

1 it lit" 
httedy it is-obvious that the radius of the circle ppp 

I JIM 

Sec. being denoted by b,.\Mc radius of the circle qqq 
&c. willbe=Vr i -^V &« diftance of thefe parallel cu> 
ejes being 90°* Therefore their •peripheries being as the 
velocities (v and u) with which they are defcribed, their 

mdii (i&.an4Vr l -#) will be in the-ratio of the faid velo- 
eities^.th^isu:*::^^-*^ 2 ; whenee>* h&mgs ^ . ~ h % 



b 



i II HI- 

b< the radius of the circle eivp 8cc, is found = 



■ T ■ ////// 

; zndWrt- & *be -radius of the sireie qqq 



fee. c^fega^- ^-X--- ) so. being t=£L. the tfeld&ty where- 

with 
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with the momentary pole />,./>, &c. changes its place. 

Confequently, if pr be an arc in the faid immoveable 
ooncave fphere whofe fine is —ss=, ~ . r the great 



* < nil unit 



circles ^p, q p, q p, fcc. willinterfect each other at the 
point r. 

7. Moreover,. the force f being invariable and acting 
as expreffed in the preceding article, the primitive pole 

p and the momentary poles p, p r Zee. will all be found 

» a in 
in a circle ppp Sec. defcribed upon the furface of the 

revolving fphere,. as obferved in that article;* which 

circle, during the action of the force of f, will (as is alfo 

obferved -in the faid article) always touch and roll' along 

1 a in 
the immoveable circle (ppp 8cc.) whofe radius we 

have juft -now- found = .— — .--- ■,-— ; the point of 

contact being always the momentary pole. . 

Let the fine of the arc PQ_of the great circle RpojjT 

in the revolving fphere be equal to £, the radius of the 

1 a i.i 
faid circle ppp Sec. then will the point q_and its oppo- 

fite point (o) in the furface of the faid fphere, during 

the action of the force f, defcribe circles in the fur- 

3 rounding 
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» » >/i 
rounding immoveable concave fphere parallel to (p p p 

» in 
Zee.) the circle defcribed by the momentary pole />, />, 

Sec. in the fame concave fphere. And fuch point q_ and 

its oppofite point (o) being continually urged by the 

force f in directions at right angles to the tangents to 

the arcs they defcribe, their velocity will continue the 

fame as before the adtion of the faid force commenced ; 

i « Hi 

which velocity, and the radius of the faid- circle ppp 
8cc. will be determined by the following computation. 

That radius being denoted by k, we have r : k :: e : — » 

the velocity of the point Q_before the action of the force 

F commenced; and b:v.v.TLi-j ) the velocity of the 

fame point (q.) during the action of that force, k. being 
put for the line of the arc oji ; therefore the velocity of 
q. continuing the fame during the action of f as before, 

we have '—--j* But k is the fine of the fum of the arcs 
rp, PQo whofe fines are £and k refpectively; therefore 
-- ~ • + ■ ^ r ~ . w ju be = k ; and by fubftitution we get 



ti py V— F iVx/r'-— g v</ r*—i % iu </£— £, . « 

—- ~ + ; - r + r * h oeing = - 

by the preceding article. Hence we find Jt = 

rv 
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v fi= ' ; and it follows, that -7=== ( = — ) will be 

equal to the velocity of the point q^ and likewife of its 
oppofite point (o) in the furface of the fphere. It alfo 
follows, that k, the radius of each of the circles defcribed 
by thofe points, during the action of the force f will be 

, rev 

equal to - ■ .- — li — js^^a— 

By what is done it appears, that during the a&ion of 
the force f, the motion of the revolving fphere will be 

regulated by the circle ppp 8cc. thereon (whoie radius is 
7&7+ = V 7m ) continuall y touching and rol- 

t II III- 

ling along the immoveable circle ppp &c. (whole ra> 
dius is -T==i = , r x A fo that the velocity of the 

point of contract be = v = — . Confidering the point Q.as 



always urged from the points p, p, p, &a and confe- 
quently its oppofite point (o) towards thofe points, it is 
neceffary to obferve, that according as u is lefs or greater 

than e t the arc po^(whofe fine is ~7^^r=;\ will be lefs 

or greater than 90*; and the point (o) oppofite to q_ 
on the furface of the fphere will accordingly be at a 

greater or lefs diftance than 90 from p. 

If 
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If u be negative? the arc pa whofe fine is v-r-^ 1 will 

be greater than go*, 

8. The motion of the fphere according to the regula- 
tion in the preceding article is one Motion compounded 
of the primitive motion of the Sphere and the motion 
generated by the action of the ibreeT. Buttxmoeiving 

( js&t Whe vdority of the point <t_ *» srife from an 

impulfe given to it whilft the fphere revolved about an 
axis of Which ojtvas an immoveable pole before fuch ita- 
puHfe, aad about which the Bftid^Gkcle correfponding to 
that primitive axis revolved with the angular velocity 

M ; and confiderrngthatihe forcejycontinually 



«t.euii» 



acting at right angles to the momentary dire&ion of the 
point Q_and to the plane of the faid mid-circle, only ferves 
to alter the pofition of the faid primitive axis ; we may, 
by the help of what is done above, explain the motion 
which the fphere will have, during the adhon of the 
force f, fo as to retain in our ideas the two primitive mo- 
tions (one about the axis qo, and the other about a dia- 
meter at right angles to that axis) as remaining difian<& 
and unaltered. 

(a) Denoting this by * and the velocity <* <ty 4 </c % +d % ii~t, agree- 
able to art. 4, 

Fig- 



tie Rotatory Motion &f Bodies, % 8 1 

Fig. 6, Let ed be a great circle on the revolving 
fphere, of which o„is a pole, and let a fmaller circle dl, 
parallel to (mqJ) that which we have found will be de- 
scribed by the point Q., be drawn on the immoveable 
concave fphere fo as totouch that great circle in the point 

(d) where the great circle qjpr cuts it; the radius of 



rtrccrK.f-— u 



which leffer circle will be/^Vr^K* aQ ■■ ; „, - — ^ 

Then the revolving fphere, during the action of the 
force f, will fo move, that the firft mentioned gceatLClrcle 
(ed) ihall continually touch and roll along the faid leSbt 
circle DL f the velocity of the point of contact (along that 

circle) being £= y?y^~\ fi) , and the fphere at the fame 



time turning about the aj&s of which <a.is a pole with the 

primitive angular velocity - ■ ' 2L^- z - 

Thus the primitive motion about the axis of which 
qJs a pole is preferved diftin&j whilft that pole proceeds 

4eferibine a circle, whofe radius is rev - ^rz~ -> 

with the velocity ; ,'. =■ = Ivhich we fuppofed given to 

it. 



(b) This is to the velocity of this point o^as v/V— K*to"k; that is, as the 
radii of the arcs defcribed. 

Vol. LXVII. Oo It 
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It is obfervable, that the laft mentioned velocity will,, 
according to this regulation of the motion, he to the 
primitive angular velocity about the axis of which qJs a 
pole, as vt&e-u, or as v to u-e, according as u is lefs or 

greater than e; that is r according as the are po^is lefs or 
greater than go°. 

9. From what has been faid it follows* that denoting 



the two primitive angular velocities ~ '' j * and 
;, ■ ===== (fpeeified in the preceding article) by c and d 

/ IHtl 

refpe&ively, the radius (fig. 5.) of the circle ppp 8cc. 

' " dr 

(or fine of the arc pq=pq.* Bee.) will be '■= — ; the radius 

of the circle ppp 8cc. (or fine of the arc pr=pr, Scc.)j= 
dr i =zt a. great circle pafling through the 



e ^/d^e^+zedrv + r^r 

primitive poles o and ct> on the revolving fphere, will 



rF 



turn from the pofition ORQjwith the velocity -j meafured\ 
at the mid-circle, or with the velocity = = ; rF ' , ¥ 

s /d*ti*=F2cdrF + r*F* 

meafured at the fixed point r; whilft thoie poles defcribej 

with the velocity d, circles parallel to ppp See. the 

radius (k) of each of the circles (fig. 6.) fo defcribed 

2 heiiig 
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being = j* 1 CL , • ; the radius (vV-k>) of the 

~755 

circle dl will be = r*f«±Ig ; and the velocity 

f -y-^— -" j along the faid circle dl = c + ^ : the up- 
per or lower of the double figns taking place according 
as u (= e **-%) is lefs or greater than e; that is, according 

as the arc PQ_(whofe line is = — ) is lefs or greater than 

90 . 

10. As an inftance of the ufe of the preceding con- 
clufions, I will now apply them in the fblution of a very 
interefting problem, which I have not before feen iblved. 

Suppofe a given fpberoid, wbilfl revolving uniformly 
about its proper axis, with a given angular velocity, to be 
fuddenly urged by fome per cufjive force to turn, with feme 
given angular velocity, about a diameter of its equator', it 
is propofed to explain the rotatory motion of the fpberoid 
confequent to the impulfefo received. 

Fig. 7,8. Let DOEQ.be the fpheroid, whofe femi-axis 
co = CO. is -b, and equatorial radius CD = CE = r; and 
fuppofing it before the impulfe to revolve about its pro- 
per axis oQ,with the angular velocity c, meafured at the 
diftance r from the axis, let the poles (o and qJ be fud- 
denly urged by fome percuffive force to turn about a 

O o a diameter 
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diameter of the equator of the fpheroid, with the angu- 
lar velocity d, likewife meafured at the diftance r from 
that diameter. Upon receiving fuch impulfe, the fpheroid 
will take a new axis of motion, which will be a momen- 
tary one; fuppofe fuch new axis to hepcn fc) . Then the 
particles- of the fpheroid being urged (or having a ten- 
dency) to turn about that axis with the angular velocity 

Vc*+rf% (which we will, denote by e) their joint centri- 
fugal force will fo urge the fpheroid to turn about that 
diameter of the equator which, mail be at right angles to 
the momentary axis p car, that the accelerative force of 
the point d of the equator to turn it about the faid dia- 
meter according to the order of the letters d qje will (as 
appears by what is proved in art. i, and in the Appendix 

annexed hereto) be = ~ x p~rp- or ~*7+T* aGcor " in g as 
b is lefs or greater than r : and it follows from hence and 
what is proved in art. 3. and 4. that v, the angular velo- 
city (at- the diftance r from c) with which the momen- 
tary pole p will change its place, will accordingly be = 

(c) Tofind /he.pofition of this axis fee art. 1. by which the line of the angfe 

Ar 

ocj> (to the radius r) is found rs — . 

More- 
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Moreover, referring to our obfervation in art. 8. let 

u,-e be to "7 x ?TF ^ e value. of „«y) as c todj u being 

greater than e; or let <?-# be to — x prpr as c to <£-. « being 

Lefs than ei whence, mJaoth cafes, we fhall have the 

— ;x<pr£p) forsthe value of u-e% and 

confequentty Uj in both cafes, will be = e>+ — x pr^p. - 

Conceive -now a fpherical furface without matter, 
having the fame center and radius as the equator be, to 
be carried about with the revolving fpheroid; aadfup- 
pofe a fphere, whofe radius is r, to revolve about an 
axis pcjr with the angular velocity e, and, whilft it. is 
fo revolving, let an accelerative force (f) equal to 

x ^~Zb t0r 'r x 7~+?-* according as A is lefs or greater 
than r, urge the pole p, and the fucceflive momentary 
poles as they become fuch, to turn about a diameter of 
the contemporary mid-circle in the manner expreffed in 

art. 6. u being to 'v. as e + — x-rpr to — xfr^p- or as e -t~ 

~~Xy—j* to —x-^rp, according as a is lets, or greater 

than r. Then will the motion of the furface of this 
fphere be exactly the fame as the motion of the faid 
fpherical furface carried about with the revolving 

fpheroid 
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fpheroid after receiving the impulfe of the percuffive 
foixe. Therefore, having reference to our conclusions in 
the preceding articles, we, by fubftitution, readily obtain 
folution to our problem. 

By fubftituting properly —■"■■pr^p, or — xpq^* for f, we 
find, 

d*r dr t" + h % ^ 

~ X 



^/d^^zcdrr + r 1 ** f ■ <J t ______ rf* 



s +4T*-j- 



and r 



+ 



rf r* + b l 

Which equations, refpe6l being had to the conclufions in 
art. 8. and 9. indicate that, whether b be lefs or greater 
than r, if an immoveable circle dl, whofe radius is = 



jr 



A / ^7"^"" 



be conceived to be defcribed in a plane 



inclined to the plane of the equator of the fpheroid (be- 
fore the impulfe) in an angle whofe fine (to the radius r) 

is = — x — , r , z , fo that the faid circle touch 






the laid equator in the point d in the feclion oj&dqje; 
the fpheroid after the impulfe will fo revolve, that its 

equator 
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equator will always touch and roll along the faid im- 
moveable circle (el), the. velocity of the point of con- 

tail (along that circle) being - ■prrj*, whilflthe fpheroid 

turns about its proper axis (oqJ with the primitive an- 
gular velocity c, and the poles o and o^ (by the. faid 
rolling of the equator) defcribe circles (whofe radii are. 

each = — x , * + \ parallel to the faid circle. 



V^+r^+ft**^) 



dl, with the angular velocity d (or their proper velocity 

— ) which we fuppofed given to them by the impulfe w .. 
Thus the motion of the fpheroid confequent to the im^ 
pulfe appears to be remarkably regular. 

And in the very fame manner may be explained the 
motion of a cylinder, whofe primitive motion, about its 
proper axis may be disturbed by fome percuffive force in 
like manner as we fuppofed the fpheroid difturbed; only 
(inftead of the former, fubftitution for F).fubftituting.for. 
the accelerative force arifing from the centrifugal force 
of the particles of the revolving cylinder its proper value 






— X 



(computed in our Appendix) and afterwards 
proceeding as we have done with regard to the fpheroid, 

(d) Other ways of. folving the problem are alfo fuggefted by the preceding 
articles, 

£de 
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b denoting half the length of the cylinder, atld r the 

tadius of any fection at right angles td its proper axis. 

Seeing that ( e —x |j-r-~^ ) the exprefiion for the faid 
accelerative force refpe&ing the cylinder vanHhes #hen b 

is = — , it is manifeft that the cylinder in that cafe will 

(with refpectto its own particles) undifturbedly revolve 
a*bout any axis whatever paifing through its center of 
gravity, as will a fphere. Which remarkable property of 
that particular cylinder I believe has not before been 
taken notice of. 

There are, I am aware, bodies of other forms having 
the like property. 

The preceding articles lead us to confider the motion 
of the earth's axis in a light, I prefume, more clear and 
fatisfadory than any in which it has before been confi- 
dered; but I muft, for want of leifure, defer making the 
application till fome future opportunity; only obferving 
here, that by what is done above it appears, that from 
the adtion of the Sun and Moon on the earth its axis has 
a diurnal motion, which I have no where feen explained. 
Which motion is not much unlike that of the axis of 
the revolving fpheroid juft now considered, when (itf) 
this laft mentioned axis is many times longer than (2 r) 
a the 
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the equatorial diameter of the faid Spheroid, and - very 
fmalh 



APPENDIX, 

Shewing how the joint centrifugal force of the particles of 
afpberoid or cylinder ■> having a rotatory motion about 
any momentary axis, is computed. 

1 . FIG. 9. Let/> be a particle of matter firmly connected 
with the plane doefqg, in which the line ocqJs fitnated ; 
and pq being a perpendicular from p to the faid plane, 
let the diftance pq be denoted by u; alfo, the line ql 
being at right angles to o/cq., let the diftance^)/ be de- 
noted by h. Then, the faid plane with the particle p 
being made to revolve about o/cq.as an axis, with the 
angular velocity e meafured at the diftance a from the 

he 

faid axis, the velocity of p will be = — , and its centri- 
fugal force from /will (by a well-known theorem) be = 

LJi fog* 

-r to make it a* the expreflion being -r x p. Whence, 
by refolving that force into two others, one in the 
direction qp, and the other in a direction parallel to 
Iq, it appears that the force urging p from the plane 

DOEFQGwillbe=— xp) let the diftance Iq be what it will. 
Vol. LXVII. Pp a. The 
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a. The particle p being connected with the plane 
doefqg as mentioned in the preceding article, and the 
diftance e/ being denoted by v; if p be urged directly 
from the faid plane by a force fuxp, the-efficacy of that 
force to torn the faid plane about the line hci, therein 
drawn at right angles to, ocq., will (by the property of the 

lever) be equivalent to the force 12—2 a&ihg on the 

faid line ocQ_at right angles to the faid plane at the dif- 
tance^ from the point c. 

Moreover it is obvious, that, cater is paribus the effi- 
cacy will be the fame let the diftance of q from /be what 
it will* 

Fig. 10. Let q coincide with /; and let c^bea line 
in the plane clp continued' (which plane will be at right 
angles to the plane doefqg); aifo, pk being at right an- 
gles to c£, let thole lines pk and ck be denoted by w and 
x refpecuvely. Then the fine and cofine of the angle 
~£co to the radius 1, being refpeclively denoted by m and 

n. the forcg " * ? will be =■" xmnx w*-x z +m*-n I x wx. 

Confequently, if each particle of any folid body, through 
which a line hci and a plain doeifqgh may be conceived 
to pafs, be urged from that plane by a force exprefTed by 
fuxp as above; the force which, adting on the line 
occ^at the diftance^ from c, would be equivalent to the 

efficacy 
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efficacy of all the forces acting on the feveral particles of 
that body to turn the fame about the line hci will 
be obtained by computing the fum of all the forces 



•£— £ xmnxiv z —x*+m L -n*xwx acting on the faid body. 

The computation of fuch equivalent force will in moft 

cafes be abridged by obferving that, if pk be continued to 
// <> 

p fo that kp be = kp, the efficacy of the force on the par- 

11 
tide p, to turn the body about the line hci in opposition 

to the force oh the particle p, will be reprefented by 

yTw a ■ ' ■■■■■..■.■■aw"" 1 — i n , — sac " 

the equivalent force^—*- xmnxx i -w i +m t ~n^xwx acting 

on the line ocQ.at the diftance g from c ; and that there- 

fore the efficacy of the two forces on p and p, to turn the 
body about hci, will be reprefented by the equivalent 



zfxp 



force J —^xtnny.ip z —x i acting on the line ocq^ at right 
angles to the plane doeifqgh, at the diftance g from c. 

3. Fig. 1 1, 1 %. If the body be a cylinder, afpheroid, 
or the like, and its proper axis be fituated in the line c£, 

the ordinates correfponding the abfcijfis kp, kp, in the 
circular fection bi whofe center is k, will each be paral- 
lel to that diameter paffing through c, about which the 
body will be urged to turn ; and each of thofe ordinates 
will be = V/-w% y being the radius of fuch fechon. 

P p 2 Therefore, 
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Therefore, writing * ^/f-w 2, inftead of p, it follows that 

&xmnxx£-x % ?, the whole fluent of^^^x 
e 4. J ' & 



mnxxw i -^x l xw, generated iv (=-kp-kp) from o becomes 
equal to the radius y (both x and^ being considered as 
invariable) will exprefs the value of the force which, 
ac"ohg on the line ocQ.at.the diftance ,§ from c, would be 
equivalent to the force of all the particles in the faid fec- 
tk>n, whofe thicknefs is denoted by the indefinitely fmall 

quantity x ; the diftance ck being denoted by x, and a 
being put for (. 7 8 5 3 9) the area of a quadrant of a circle 
whofe radius is 1. 

4. Fig. 1 1 . In the cylinder whofe length is 2 b and dia» 

meter a r; y being = r t — -x*y* will be = r l x — ~x l : con- 



fequently, the fluent of — -x* x x, generated whilft x 

from obe< 
7? F_/i 



from o becomes = 3, being — - — , we have — ***- xmnx 



*Tt x 3 r * ~ 4^* x M ^ or *ke f° rce which, acting 
as above at the diftance g from (c) the center of gravity 
of the cylinder, would be equivalent- to the efficacy of the 
forces acting as above on all the particles of the cylinder 
to turn it about a diameter paffing through c, m being 
the mafs or content of the cylinder. 

7 5- Fig- 
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5. Fig. 1 a. In the fpherbid whole proper axis is %b 

and equatorial diameter z r, f being = b% x & l -x*/- - x x y 1 



will be = r* x — — ^r + ^p ■-#* + j» : confequently, the 



*♦* 



fluent of ——^j-+-jr-x I A'+y » generated whilft # from, 
o becomes = b> being — ~ g- + ao~T T = *? x r > we 



,6 a a* _ ^ . "i»z i 3 _y^» , 



have ■ • xtnnx.r l b-b i -—- x /•'-£' x s for the force 

which, acting at the diftance ^ from c the center of the 
fpheroid, would be equivalent to the efficacy of the 
forces acting as above on all the particles of the fpheroid 
to turn it about a diameter of its equator, s being the mafs 
or content of the fpheroid. 

Thefe equivalent forces are diftinguifhed by the name 
of motive forces; the correfpondent accelerative forces 
are computed in the following articles. 

6. Fig. 13. The body being a fpheroid whofe center 
is c, and whofe proper axis pn is = 2 b and equatorial dia- 
meter ab = 1 r\ let f be the accelerative force of a, par- 
ticle at the diftance^o- from the axis about which the body 
is Urged to turn, which axis is fuppofed to be a diameter 
of its equator. Denote ck by x; ki by y; and let the 
abfcijfa ko and its correfpondent ordinate (parallel to the 
laft mentioned axis) in the circle whofe radius is ki be 

denoted 
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denoted by s and t refpe&ively. Then, considering the 
body as -urged to turn about that diameter of its equator 
which is at right angles to ab, the accelerative force of 



eyery particle in the "faid ordinate will be = *~tl * f, 
and the motive force of all the particlesin the fame ordinate 



will be = — — - x sis = — "*"* x f-j Y/~J*; to which (by 

the property of the lever) a motive force ■=— r- x f s yy z —s l 

acling at the diftance^ from the center at right angles to 
a ray therefrom would be equivalent. Therefore, confi- 
dering x and y as invariable, and s only as variable, 



^ x the whole fluent of i Vf-s 1 xs*+x'- will denote a 
tr 

force which, ailing at the diftance g from c, would be 
equivalent to the .motive force of all the particles in the 

fec"lion hi whefe radius is ki and thicknefs x. Which 



fluent is = A^x#*+'-=^r x **-.#* x**+ ~px6 l -X l . Con- 
fequently^jr^ x the whole fluent of x x b l - x z x 



x v +-^ x P~x z will denote a motive force which, ailing 

at the diftance £• from c at right angles to a ray therefrom, 
would be equivalent to the whole motive force urging 
;the fpheroid to turn as above mentioned. Such equivalent 

force 
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16 Ar*r 



force will therefore be = — r xr^+r'^r- tx r 2 +£*x s; 

and this being put =-£p xrM'xs (the value of the 

t .t ti 
fame force found in art. 5.) we find r-fgntftx. prj^r* 

which will be = — 
computed in art. x. 



«* 

. ir r \\p — — . its 
a r' + * i 



which will be = *— r- x -rrz, if / be = .-:, its value 



frf 



Or f will be denoted by '— x prr^; if 1 be to e as «fi 

to d, and as » to c\ and # and g be each = r. 

7. Fig. 14. The body being a cylinder whofe center 
of gravity is in c, and whofe proper axis pn is %b and 
diameter %r\ the accelerative force (f) at the diftance 

^ from c, will in like manner be found = £-—- * ^ + ^ ; 

the cylinder being corifidered as urged to turn about a 
diameter pafling through c. 

If 1 : e :: tn : d :: n : £, and tf and £ be each = r, t will 

be= — x-^-r — -hi* 

r * 3^+4** 




